and the d = 7 ungauged supergravity theory on its pp-wave boundary.
Introduction
A considerable portion of our present understanding of the properties of the string theories and of M-theory is based on two different notions of limits. The first of these is the notion of the near-horizon limit of a BPS p-brane [1] . In this limit one usually ends up with a AdS p+2 ×S D−p−2 type of geometry which is a product of an anti de Sitter (AdS) space and a sphere S of appropriate dimensions that add up to the total dimension D. The second notion is that of the Penrose limit [2] which implies, when suitably generalized to supergravity theories [3] , that any supergravity solution has a plane wave solution as a limit. Recently, it was found that the Penrose limits of AdS p+2 ×S D−p−2 type of geometries are the maximally supersymmetric plane waves [4] and these provide in D=10 a convenient setting for the quantization of superstrings with non-trivial Ramond-Ramond (RR) fields [5] . Remarkably, a string theory counterpart of the Penrose limit also exists [6] and these developments led to new insights about the AdS/CFT correspondence in a regime which is beyond the supergravity approximation.
In the light of these developments it is of interest to explore the possible generalizations of the Penrose limit together with the neighboring geometries of the AdS p+2 × S D−p−2 space-times. The purpose of the present paper is to carry out such a program which is based on the existence of conformal Killing vectors. We shall be interested primarily with the space-like conformal Killing vectors and although most of our considerations will be valid for all D > 3, we shall be mainly concerned with the D = 10 and D = 11 solutions.
In four dimensions AdS 4 is known to be the unique space-time which admits a space-like conformal Killing vector (CKV) and a negative cosmological constant [7] . It is, however, possible to construct a two-parameter family of Einstein spaces which admits a space-like CKV as well as a negative cosmological constant when one moves to higher dimensions.
These geometries have a warped product structure and give rise to a class of exact solutions of the supergravity theories which are of the Freund-Rubin type . We shall be concerned with such classes of solutions that include the AdS p+2 ×S D−p−2 space-times as special cases.
We shall start by considering supergravity solutions in the dual frame assuming that the space-time is of the form M p+2 × S D−p−2 where M p+2 is an Einstein space admitting a CKV. These solutions will have in general non-zero (D − p − 2)-form fluxes and possess dilaton fields that may play the role of conformal Killing potentials on M p+2 . We shall show, by studying the null geodesic congruences of such space-times and employing the limiting procedure of [8] , that these solutions have limits that are of the form M 
p+2 is a generalized (p+2)-dimensional AdS plane wave [8] which reduces to the non-linear version of the Randall-Sundrum zero mode [9] when the CKV is hypersurface orthogonal.
We shall also see that these limits exist only when the CKV of M p+2 is space-like and the cosmological constant of M p+2 is negative.
As in the case of the Kaigorodov space-time [10] , AdS plane waves are known to preserve 1/4 supersymmetries and possess a Virasoro symmetry [11] . These space-times have been extensively studied [12] [13] and were found to suffer from pp-curvature singularities. In this paper we shall show that all of these properties are shared by the general limiting solution
p+2 . We shall also describe how the pp-curvature singularity is resolved in the case of p = 6, D = 10 type IIA supergravity by lifting up the solution to the D = 11 supergravity theory. This particular case will be seen to play a distinguished role because the CKV will be forced to be space-like by the field equations themselves and will lead us to an interesting generalization of plane waves in D = 11 as well as to a duality conjecture between the SU (2) gauged d = 8 supergravity theory of Salam and Sezgin [14] on the limiting background M (0) 8 and the ungauged supergravity theory on its d = 7 pp-wave boundary.
Dual Frame Products and Penrose Limits
The part of the supergravity Lagrangians that is relevant to the study of AdS/CFT and DW/QFT dualities in various dimensions [15] [16] can be written as
where κ D is the gravitational coupling constant in D dimensions and δ,γ are two parameters that will be specified below. The independent fields are the metric g M N , the dilaton φ and a (D − p − 3)-form potential whose field strength is F D−p−2 . The integer p corresponds to the spatial dimension of the brane in the case of the p-brane solutions, R is the scalar curvature of g M N and * 1l with the Hodge dual * denotes the volume D-form. Our space-time conventions and the field equations that follow from (2.1) are given in the Appendix.
The parameters δ andγ that appear in (2.1) are not independent: 2) but are determined in terms of D together with a choice of a constant a that specifies the relevant theory. For D = 11 supergravity a = 0 and the dilaton also vanishes. In D = 10 one finds that a = (3 − p)/2 when F D−p−2 is chosen to belong to the RR sector of the type IIA or IIB supergravity theory and in these cases (2.1) gives rise to the Dp-brane solutions.
On the other hand, when F D−p−2 is in the D = 10 Neveu-Schwarz (NS) sector one has a = −1 for p = 1 and a = 1 for p = 5. Other values of a that are relevant to the lower dimensional supergravity theories can be found in [16] .
An interesting feature of (2.1) is that g M N is the dual frame metric. The Einstein frame and the string frame Lagrangians can be obtained from (2.1) by the conformal mappings:
and these three frames, of course, coalesce in D = 11. (Notice that in (2.1) we are working with the magnetic potentials. In the particular case D=11, p=2, it is F 7 = * F 4 that appears as the field strength.) One should also keep in mind that, when D=10, p=3 and F 5 is taken to be in the RR sector, the field equations of (2.1) must be supplemented with the self-duality condition: * F 5 = F 5 .
Consider now the solutions of (2.1) under the assumption that the space-time M D is topologically and metrically a product,
Notice that metrically this is a frame-dependent condition within the conformal class of g M N , and depending on the nature of φ, the metric may lose its product form in other frames. For example, if one takes as φ the lift up of a function which is defined either on M p+2 or on K, then one ends up with warped product metrics in other frames. If one assumes that the dilaton is a constant, the product structure of g M N is, of course, preserved in all the frames. In such cases one can readily construct exact solutions by taking F D−p−2 to be proportional to the volume-form V ol(K) of K. This is, of course, the well-known Freund-Rubin mechanism which reduces the field equations to the requirement that M p+2 and K are both Einstein spaces. With this reduction the cosmological constant of M p+2 turns out to be non-positive.
In D=11 supergravity this procedure is known to give rise two distinct families which can be conveniently displayed in terms of F 4 . The first family is obtained by taking
in which case the field equations reduce to 4) and admit AdS 4 × S 7 as a distinguished solution. The dual geometry AdS 7 × S 4 belongs to the second family for which F 4 = 6 l V ol(K) and this implies
Here and in the sequel Greek (µ, ν, ...) and Latin (m, n, ...) indices refer to the bases of M p+2
and K respectively and l is a real constant. The left superscripts denote the dimensions of the spaces. In any dimension D the cosmological constant Λ is defined to be Λ =
where l D is the corresponding real constant and ǫ = ±1 is introduced to allow both signs for Λ.
A similar family is encountered in the specialization of (2.1) to the D = 10, p = 3
Lagrangian where F 5 is the self-dual RR field. After setting φ to a constant and taking
, all the D=10 field equations are satisfied if
The distinguished member of this family is AdS 5 × S 5 .
Although all of these examples involve a constant dilaton and are familiar from the near-horizon limits of non-dilatonic branes, similar families exist even when φ is allowed to depend on the coordinates of M D , provided either M p+2 or K (but not necessarily M D itself) admits a conformal Killing vector. This was first observed in [17] for the D=10, NS p = 5 Lagrangian where a CKV of S 3 was related to the gradient of φ and a family which includes the AdS 7 × S 3 solution was obtained. In a similar analysis for the D=10, NS p = 1 Lagrangian, AdS 3 × S 7 type of solutions were found by utilizing a CKV of M 3 which gave an invariant interpretation of the "linear dilaton" [18] .
Association of φ with a conformal Killing potential can be extended to the D = 10, p > 3 Lagrangians when F D−p−2 is taken to be a RR field strength. When p = 4, letting
l V ol(K) and demanding at the same time that ψ = e 2φ/3 is a conformal Killing potential on M 6 :
gives
The near-horizon AdS 6 × S 4 geometry of the D4-brane is in this family.
Some interesting changes occur when one moves to higher values of p in the Dp-brane type Lagrangian. By letting ψ = e 3φ/4 for p = 5, it can be inferred that, when F 3 is chosen on K in the above manner, ∇ µ ψ must be a Killing vector on M 7 : ∇ µ ∇ ν ψ = 0. This gives a Ricci-flat M 7 while keeping K as an Einstein space. On the other hand, in the p=6 case one finds that, if F 2 = 2 l V ol(K) and
then all field equations will be satisfied provided ψ = e −2φ/3 is a solution of (2.7) on M 8
that also obeys the condition
Hence in this case one is forced on a particular CKV which must be space-like. The AdS 8 ×S 2 near horizon limit of the D6-branes is in this category 2 .
Suppose now we wish to take the Penrose limit of such an M D using the D-dimensional scaling rules [3] . Recall that the Penrose limit is a local procedure which requires first the introduction of the appropriate coordinates in a conjugate point-free portion of a null The implications of the existence of a CKV field on M d is a well-studied subject, dating back to the classical work of Brinkmann [21] 
and a smooth vector field V µ satisfying
exists, where L is the Lie derivative and ψ is a smooth function on M d , it can be deduced that ∇ µ ψ must itself be a CKV
(we shall assume ψ = const. to exclude the homotheties) and that
where ξ µ is an ordinary Killing vector. The algebra of conformal vector fields on M d therefore decomposes into the direct sum of the algebra of the Killing vectors and the algebra of closed CKV's that are locally gradients.
An interesting distinction between the Riemannian and Lorentzian metrics is the number of the fixed points of V µ and these points play an important role globally [24] [25]. Since each V µ gives rise to a closed CKV, it is convenient to concentrate on the fixed points of ∇ µ ψ. These are the critical points of ψ which can be shown to be isolated points [24] .
Around any point with ∇ µ ψ∇ µ ψ = 0 one can find a neighborhood where g µν is a warped product metric and in this neighborhood a coordinate system {y,
exists where ∇ µ ψ = U (y)δ y µ , U = dψ/dy and
Here g ab (x) is a metric on the (d-1)-dimensional fibers and η = ±1 is chosen according to the type of the CKV: ∇ µ ψ∇ µ ψ = ηU 2 . Notice that whereas ǫ is the sign of the cosmological constant, η is the sign of the pseudo-norm of ∇ µ ψ and these quantities are, of course, independent. For a space-like CKV one has η = −1 for any sign of Λ. It is also useful to note that the critical points of ψ are now located at the zeros of U where the coordinate system breaks down.
For (3.5) the field equations (3.1) require that 6) and consequently,
where A and B are real constants and a prime denotes differentiation with respect to y.
Moreover, according to (3.1) the fiber metric g ab (x) must also be Einstein: In both subsets the points U = 0 are conjugate points for the null geodesics. Notice that when η = 1 so that the CKV is time-like, N must be a Riemannian manifold and then the second subset is obviously not available.
Before considering the conformal Penrose limits relative to these subsets let us momentarily specialize to the ǫ = η = −1 solutions which are our main concern, and note that such Returning back to (3.4), let us write the Killing vector as ξ µ = (β, ξ a ). The Killing equation then implies that β must be a scalar field on N and if we define ξ a = g ab ξ b with the decomposition ξ a = f (y)∇ a β(x)+ ζ a (x) it follows that either ∇ a β = 0 or U 2 f ′ (y) = −η.
In the latter case f (y) can be easily determined and ∇ a β can be seen to be a non-homothetic CKV of N . Then ζ a is an ordinary Killing vector on N . On the other hand, if ∇ a β = 0, one can show that β = 0 as long as U ′ /U = const. and ζ a is again a Killing vector on N . In the particular case U ′ /U = const., a non-zero constant β can exist and ζ a becomes a homothetic Killing vector on N . In this manner the isometries of M d give rise to the conformal motions on the boundary N . Consider now the conformal Penrose limit of M d for all values of ǫ and η. First let us suppose that ǫ = η = −1 and M d admits a Killing vector ξ µ associated with V µ . If one is then interested in setting up the Penrose coordinates around a congruence that belongs to the first subset, the coordinate system of (3.5) is not a convenient starting point. In this case the procedure described in [8] can be taken over and a neighborhood in which V µ has no fixed points can be blown up to get
as the conformal Penrose limit of M d . Here x i , i = 1, ..., d − 3, is a set of (d − 3) transverse coordinates, γ = −2λḃ j x j +λz/λ and due to (3.1), the metric functions satisfy 
and
where a dot denotes differentiation with respect to the null coordinate u and repeated indices are summed with δ ij . This is just the metric of a generalized AdS plane wave for which V µ = λ(u)δ µ z is the CKV inherited from M d . The vector b j (u) characterizes the twist of V µ ; ifḃ j (u) = 0, V µ is hypersurface orthogonal in which case it is reducible to a closed vector field. Another useful representation of (3.9), in terms of a new coordinatez, is
where the Kaluza-Klein (KK) gauge field is given by A = (ḃ j x j − lċ)du − b j dx j .
It should be noted that the conformal Penrose limit of M d always has the metric (3.9) whenever η = −1 for the above choice of the null congruence and the CKV. However, when the cosmological constant of M d is taken to be positive, (3.1) requires in the limit in place of (3.10) that 15) and it follows that M d does not have a conformal Penrose limit if η = −1, ǫ = 1 and the congruence is chosen from the first subset.
On the other hand, if one would start from the premise that η = 1, but ǫ = ±1, then the gauge choice on M d which leads to (3.9) would not be available [8] . Hence such an M d
would not have any conformal Penrose limit because the second subset of the null geodesics would also be absent. We may therefore conclude that M d must admit a space-like CKV in order to have a well-defined conformal Penrose limit. This means that on N the procedure will amount to the standard Penrose limit which will force the limit of N to be a Ricci flat, ordinary plane wave space-time. Since one would like to keep the d-dimensional Λ = 0 in the limit and (3.8) must hold, this will only be possible if ǫ = η and A 2 = B 2 . When these hold one gets as the limit 16) which can be interpreted as the non-linear version of the Randall-Sundrum zero mode [9] and corresponds to theḃ j = 0 specialization of (3.9).
The above discussion which led us to the limit (3. 
Properties of the Limiting Solution
We have thus seen that M d has a conformal Penrose limit only when its cosmological constant is negative and the CKV is space-like. Since it is precisely these type of M d that solve the supergravity equations in the dual frame, we now examine the properties of the limiting solution M
d . In the particular caseḃ j (u) = 0 it is already known that M (0) d preserves 1/4 of the maximal supersymmetry [13] and has a Virasoro symmetry [11] . Our first goal is to see whether these properties can be extended to the general solution (3.9)
which allows a non-zero twist.
We start by considering the existence of the Killing spinors that satisfy
where D µ is the spinor covariant derivative and Γ µ are the Dirac matrices on M
d . In the coordinate system of (3.9) it will be convenient to let W = [z/λ + b k (u)x k + lc(u)] and choose the orthonormal basis one-forms as
If one then defines the integrability condition for (4.1) can be seen to be
Therefore, whenever h jk = 0 and the matrix within the square brackets is invertible, the necessary condition for the existence of a Killing spinor is
The vanishing of h jk implies thatḃ j = 0 in which case M 
then it is easy to see that such a spinor does not allow aḃ j = 0 specialization as long as
Because of this reason we impose (4.6) as a necessary condition and its effect is to eliminate 1/2 of the AdS d supersymmetry.
When (4.6) holds, the components of (4.1) can be cast into the form:
where ∂ µ are the partial derivatives with respect to the coordinates and Q ± are the operators
with I denoting now the identity operator. These operators can depend only on the coordinate u and satisfy
as a consequence of (3.10). One can impose
as an additional algebraic condition on the Killing spinor and this can be ensured by settinḡ
With these conditions Killing spinor equations now reduce to an equation that just fixes the u-dependence of the spinor α:
Since (4.13) always has a solution and (4.11) eliminates one half of the remaining supersymmetry we conclude that M 14) and whenḃ j = 0, (4.11) becomes Γ dε = iε and α reduces to a constant spinor. Hence in this particular case Killing spinors are given simply by (4.4) whereε is a constant spinor that obeys (4.6) and (4.11).
We next display an infinite-dimensional symmetry of the metric (3.9) which generalizes the Virasoro symmetry of [11] . Consider the diffeomorphism of
where f is an arbitrary differentiable function and primes denote the differentiations with respect to U . This transformation maps (3.9) to the metric 16) with the new metric functions:
where {f, U } denotes the Schwarzian derivative: 18) and e(U ) = c(u)/ √ f ′ satisfies
The diffeomorphism (4.15) is precisely the one that was utilized in [11] Einstein space [24] . It is easy to see that, unless N is allowed to possess a space-like CKV, geodesically complete R × U N space-times will not have a conformal Penrose limit. When N is assumed to have the desired CKV, taking the limit recursively shows that the conformal In particular, the A 2 = B 2 subset of solutions which have U = Ae (±y/l ) and tend to (3.16) are not null complete even when N is complete [26] . The limits (3.16) of these solutions are known to have pp-curvature singularities [12] [13] at z = ∞ whenever h ij (u) = 0 and d > 3. It can be checked, by examining the components of the Riemann tensor in a frame that is parallelly transported along a time-like geodesic, that the same behavior persists even when the CKV vector is not hypersurface orthogonal. In other words, the metric (3.9) also has a pp-curvature singularity, this time when z/λ + b k (u)x k + lc(u) tends to infinity. In the coordinates of (3.14), the pp-curvature singularity is located atz = ∞.
We therefore see that M (0) d has two boundaries; there is a conformal boundary N which is positioned atz = 0 and which is a perfectly well-behaved space-time with the metric: It is known that certain scalar polynomial singularities of the Riemann tensor can be resolved when p = d − 2 is odd by viewing the same solution in a higher dimension [27] .
Remarkably, it turns out that the above pp-curvature singularities of the D = 10 solutions can be resolved only for a particular even value of p when the solutions are lifted up to D = 11. This occurs when p = 6 and the field equations of type IIA supergravity theory reduce to (2.9) . Recall that this is the only case in which the CKV is forced to be space-like by the field equations.
In the following let us distinguish the D = 11 supergravity fields with hats and note that the field content of (2.1) in the case of D = 10 type IIA supergravity implies for p = 6 Let us also recall that for the present p = 6 case, ψ = e −2φ/3 and e 4φ/3 =z 2 in the coordinate system of (3.14). According to (4.21) and (3.14) the D = 11 vacuum solution which is obtained by oxidizing the metric of
where dΩ 2 2 is the metric of a sphere of radius l/2 and for the transverse coordinates x i one now has i = 1, ..., 5. Since F 2 = 2 l V ol(S 2 ), it follows that the D = 11 manifold is the warped product:M =M 8 ×z2B 3 where B 3 is a U (1) bundle over S 2 andM 8 is a plane wave space-time. Using the spherical coordinates (θ, ϕ) of S 2 and defining χ = 2Y /l, one can locally write
If the coordinate χ on the U (1) fibers is identified with a period 4π, B 3 = S 3 and one has a Hopf fibration S 3 → S 2 . More generally, B 3 is a cyclic lens space. When the gravitational degrees of freedom are switched off by setting h ij (u) = 0, the solution (4.22) reduces to the flat D = 11 metric which was studied in [28] as the lift up of the near-horizon limit of the
D6-branes.
We have checked that all the componentsR ABCD of the Riemann tensor, in a frame which is parallelly transported along a time-like geodesics of (4.22), are regular everywhere providedz > 0. In particular, the geodesics are perfectly well-behaved asz → ∞. We therefore conclude that the pp-curvature singularity of M
8 × S 2 is resolved in D = 11 supergravity theory.
Discussion
In this paper we have seen how the limiting procedure of [8] finds a natural application in the supergravity theories as conformal Penrose limits of solutions in the dual frame.
For this purpose we have considered the solutions in which the space-time is of the form The basic requirement on K was that it admits a coordinate system in which its metric is a function homogeneous of degree zero in l and these coordinates. Although the limit was seen to apply to any such K, we have concentrated on the case K = S D−d because this choice had the virtue that AdS d × S D−d is a member of the family and moreover, such a coordinate system was explicitly known on S D−d . Since it is also known that S D−d admits a CKV but this property was not referred to in our discussion, it will be interesting to determine the set of all K that is left invariant by the conformal Penrose limit.
We have also studied the global structure of M When the type IIA supergravity is compactified on S 2 or the D = 11 supergravity is compactified on a U (1) bundle over S 2 , one obtains the SU (2) gauged d = 8 supergravity theory of Salam and Sezgin [14] . The domain wall solution of this theory was constructed in [30] and is known [15] to correspond to the h ij (u) = 0 specialization of M 8 . Since the D6-brane worldvolume theory does not decouple from the bulk [28] , it is not unreasonable to expect a generalized sort of a duality between two supergravities in the present context and an attractive feature of the plane wave space-times is that they have a very restricted set of quantum corrections [32] [33] . It will therefore be an interesting problem to see whether such a duality can be established between these two theories with the aid of the ALE plane waves of the D = 11 supergravity theory. 
